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Indirect boundary element method for unsteady linearized
flow over prolate and oblate spheroids and
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SUMMARY

The indirect boundary element method was used to study the hydrodynamics of oscillatory viscous
flow over prolate and oblate spheroids, and over hemispheroidal bodies hinged to a plate. Analytic
techniques, such as spheroidal co-ordinates, method of images, and series representations, were used to
make the numerical methods more efficient. A novel method for computing the hydrodynamic torque
was used, since for oscillatory flow the torque cannot be computed directly from the weightings. Instead,
a Green’s function for torque was derived to compute the torque indirectly from the weightings. For
full spheroids, the method was checked by comparing the results to exact solutions at low and high
frequencies, and to results computed using the singularity method. For hemispheroids hinged to a plate,
the method for low frequencies was checked by comparing the results to previous results, and to exact
solutions at high frequencies. Copyright © 2004 John Wiley & Sons, Ltd.
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1. INTRODUCTION

When the acceleration forces of a fluid dominate the non-linear inertial forces in unsteady
viscous flow, the hydrodynamic equations can be linearized, and the analysis becomes much
more tractable. This linearization is valid for low-amplitude oscillatory behaviour such as flow
produced by Brownian motion of microscopic particles and flow produced by the swimming of
microscopic organisms. It is also valid for the hydrodynamics of hair bundles protruding from
the sensory epithelium of inner ear organs [1], which are the object of this research. There
have been previous studies of flow over protuberances for Stokes flow [2—4] and studies of
Stokes flow for spheroidal shapes [5, 6], however these studies are not sufficient to understand
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hair bundle hydrodynamics since it has been shown that inertial forces can be important at
auditory frequencies [1].

2. BACKGROUND

The overall goal of this research is to understand the relationship between the morphology
of inner ear hair bundle structures and their functionality, in particular, how their size and
shape affect their responses to stimuli of different frequencies. Hair bundles vary in shape
and size among different hair cells; for instance, hair bundles of hair cells that control bal-
ance in vestibular organs that sense motion with frequencies less than one hertz, are taller
(40—120 um) than hair bundles in hearing organs that sense sound of frequencies between 20
and 20000 Hz (0.8—30 um) [7].

Previously the hydrodynamics of a single hair bundle, modelled as a two-dimensional
flap [8] and as a three-dimensional hemispheroid [4,9—11] were investigated. The three-
dimensional hemispheroid model was analysed only in the limit of high and low frequencies.
The results of the 3-D model indicated that the sensitivity of the responses of hair cells at
low frequencies was mainly proportional to the cube of the heights of their hair bundles, and
at high frequencies, the sensitivity of the hair cells was mainly proportional to the inverse of
their heights. These results provide a reason for why hair bundle heights in vestibular organs
are one to two orders of magnitude taller than hair bundles in hearing organs [9]. Since the
2-D model of hair bundle hydrodynamics that was valid for all frequencies cannot model 3-D
effects, this study presents results for a 3-D model valid for all frequencies.

Professors D. Freeman and T. Weiss of M.L.T. have developed a general model that can
be used to analyse the hydrodynamics of hair bundles in the inner ear [8, 12—14]. Their aim
in developing this model was to make it as simple as possible by only including the features
of the hair cell structure important to its hydrodynamics.

The hair bundle is stiff, and so it is represented as a rigid body. Since the hair bundle
is compliantly attached to the epithelium surface, the attachment is represented as a spring-
loaded hinge, and the epithelium from which the hair bundle emerges is represented as a rigid
basal plate (Figure 1). The rigid body is immersed in an incompressible Newtonian fluid.

The hydrodynamics of the hair bundle motion is thought to play a key role in the frequency
tuning of hair cells in the free-standing region of the alligator lizard (Figure 2), whose basilar
papilla on which the hair cells lie has no tuning properties (unlike that of most other species),
and whose hair bundle heights vary along its length (like that of most other species). Since
the cross-section of its hair bundle is somewhat circular at its base, and since the effect of
shape on the hydrodynamics is of interest, the rigid body chosen to represent a hair bundle
is the hemispheroid, whose cross section is circular, and whose shape is mathematically easy
to represent and to change.

The motion of the rigid body can be understood as follows. The shearing component of
the motion of the basal plate rotates the body about the hinge.

This rotation is resisted by torques of fluid origin and by torques of mechanical origin that
arise in the rotational stiffness of the hinged attachment.

The rigid body has two distinct modes of motion—translation and rotation. In translation,
the plate is translated and the hinge is fixed to the plate, while in rotation, the rigid body
is rotated about its hinge and the plate is stationary. For infinitesimally small motions, a
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Figure 1. A prolate hemispheroid compliantly attached by a hinge to a plate. In response to the plate
translating, the hemispheroid both translates and rotates about the hinge.

Figure 2. A scanning electromicrograph of hair bundles found in the basilar papilla of the alligator
lizard. Hair bundles of three hair cells are shown in the foreground. Hair bundles are rigid and move
as a unit (although that is not obvious from the micrograph). Taken by Ruth Anne Eatock.
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stationary boundary approximation can be used [15] and the equations of motion can be
linearized [1, 12], and so the torques due to translation of the basal plate, and rotation of the
hemispheroid can be determined separately and then superposed [12].

We represent the instantaneous angular displacement of the rigid body as 6(¢) which in the
sinusoidal steady state is represented as 0(t)=0e~'" where 0 is the complex amplitude of
the angular displacement and o is the radian frequency of oscillation. Similarly, the complex
amplitude of the sinusoidal velocity of the basal plate is U,X. The goal of this analysis is to
determine the hair bundle sensitivity transfer function /, = 0/U, which indicates how much
hair bundle deflection, and hence, how much of a signal, is obtained for a given amplitude
of basilar membrane motion. /7, depends on the hydrodynamic translational and rotational
torques as well as from the mechanical torques due to the compliant hinge and the inertia of
the hair bundle. Conservation of angular momentum requires that the sum of the mechanical
and hydrodynamic torques equals the change in angular momentum, which can be stated in
sinusoidal steady state as

—m%:§+mq+%%—mﬂA (1)
where I represents the moment of inertia of the hemispheroid; C represents the compliance
of the hinge; H;U, represents a term to account for an accelerating reference frame; H,U,
represents the hydrodynamic torque due to translational motion; and —iw0Z; represents the
hydrodynamic torque due to rotational motion. Therefore, from Equation (1), H, = 0/U, is
represented by

o=t H

"T1)C — iwZ + 0 2)

Since the hydrodynamic and mechanical torques are functions of hair bundle size and shape
and frequency of oscillation, /7, depends on these quantities.

In this study, the hydrodynamic torques were calculated using an indirect boundary element
method (BEM). Although a direct BEM can be used, where the weightings represent real
physical quantities, an indirect method is used because the Green’s functions are simpler, and
therefore more easily integrated.

To use the indirect method, a Green’s function was derived for the hydrodynamic torque
from the known Green’s functions for hydrodynamic pressure and velocity.

Curvilinear co-ordinate systems, prolate and oblate spheroidal co-ordinates [16,17] were
used to discretize the domain. The use of curvilinear co-ordinates allowed for more efficient
discretization because regions where the boundaries have high spatial frequencies have the
smallest grid spacings. It also allowed for more efficient coding with one program describing
the full range of prolate hemispheroids and one program for the full range of oblate hemi-
spheroids. The azimuthal dependance of the weightings for spheroidal shapes has previously
been determined for Stokes flow [4, 18], and the results are valid for linearized oscillatory
flow too. Therefore, only a one-dimensional discretization was needed. To make the compu-
tations more efficient, truncations of infinite series representations were used when valid and
the integrations were performed analytically instead of numerically. The infinite plate was
approximated with a finite plate with a sufficiently large radius.

To check this method, the low frequency solutions were compared to the results of previous
studies [4] and the high frequency solutions were compared to exact solutions [11]. For further
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comparison, this method was also applied to full spheroids, where exact solutions exist for
low frequencies [5, 19] and high frequencies [5, 16,20] and whose hydrodynamics have been
shown to be similar to that of hemispheroids protruding from plates [4].

3. PROBLEM FORMULATION

A hemispheroid compliantly hinged to a plate is shown in (Figure 1). Incompressible flow is
assumed, and we set the velocity and pressure equal to U=uexp(—iwt), and P = p exp(—iwt).
Therefore, conservation of momentum and conservation of mass are described, respectively,
by [21]

—iwpu+ p(u-V)u= — VP + uV’u (3)
and
V-u=0 4)

It has been shown that for physiologically relevant parameters, the fluid is incompressible and
that the convective non-linearity term, p(u - V)u, is four orders of magnitude less than the
first term, —iwpu [1], and therefore Equation (3) can be linearized,

—iwpu= — VP + uVZu )

We assume the plate translates in its plane with velocity Up, = U, exp(—iw¢)X. In response
to the plate translating, the hemispheroid translates and rotates infinitesimally with angle
0 =0 exp(—iwt)0. The boundary condition far from the hemispheroid is the velocity due to a

plate translating with no hemispheroid present u=U,exp (—z —iwp/,u) X [22].
The boundary conditions along the hemispheroid, plate, and at infinity, are thus given respec-
tively by

u(r=r")=UyX — i00(zX — xZ)

u(z=0)=U,X (6)

u(r’ — o00)= U, exp (—z\/Ta)p/,u) X

where 7’ denotes the surface of the hemispheroid. The torque on a hemispheroid is given by

T:/Sr~dF (7

where r represents a vector to a point on the surface S of the hemispheroid and,
dF = — PdS 4 pu(dS - V)u+ uV(dS - u) (8)

where dS is in the normal direction to the surface. Due to the reflection symmetry about the
x—z plane, the torque has only a y component.

The computations are best performed in a reference frame shifted by U, exp (—z\ /—iwp/ ,u) X
so that the fluid is stationary at infinity, allowing the use of Green’s functions which vanish
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at infinity. For this frame of reference, the equations of motion remain the same while the
boundary conditions can be expressed as

u(r=r")=Uy(1 —exp (—z\/—ia)p/,u> )X — iw0(zX — xZ)
uz=0)=0
u(¥’' — 00)=0

The pressure term needs no modification since the addition of U, exp (—z —iwp/ ,u) X to the
velocity does not change Equation (5) because

—iwpUyexp (—zv/Ziwp/i) & = iV*(Uyexp (~zv/=iwp/i) %) =0

The torque however is changed by an amount found by substituting u = U, exp (—z —iwp/ ,u) X

into Equations (7) and (8). This shift in torque will be given in Section 6.

Since the equations of motion are linear, superposition can be used to separately solve
Equations (5) and (4) for the plate translating with no rotation (6=0), and for the hemi-
spheroid rotating with no plate motion (U, =0). The boundary conditions for translational
motion can be written as

ur=r)="U, (1 —exp (—zJTp/u)) X

u(z=0)=0

and for rotational motion, the boundary conditions are
u(r=r") = —iwl(zX — xZ)

uz=0)=0

We will solve for the hydrodynamic quantities using spheroidal co-ordinates and an indirect
BEM method.

4. SPHEROIDAL CO-ORDINATES

We chose to use spheroidal co-ordinates where the hemispheroid and plate are co-ordinate
surfaces. Spheroidal co-ordinates, represented by &, 7, ¢, are similar to spherical co-ordinates,
represented by r, 6 and ¢. As with a sphere, a cross-section of a spheroid parallel to the x—y
lane has the shape of a circle; however, a cross-section of a spheroid perpendicular to the
x—y plane has the shape of an ellipse.
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Figure 3. Left: A surface of constant » describes a sphere and a surface of constant 0 describes a
half-cone in spherical co-ordinates. Right: A surface of constant ¢ describes a spheroid and a surface
of constant # describes a hyperboloid in spheroidal co-ordinates.

There are two types of spheroids—prolate and oblate. For prolate spheroids, the heights
of the cross-sectional ellipses are larger than the widths; for oblate spheroids, the converse
is true. Figure 3 illustrates the similarities and differences between spheroidal and spherical
co-ordinates. Prolate spheroidal co-ordinates are defined by

x = Lsinh & sinncos ¢
y = Lsinh ¢sinysin ¢ 9)
z=Lcoshcosy

Let £=¢, represent the surface of a spheroid. For a prolate spheroid, the half-height 4 and
half-width w are represented by /4= Lcosh &y, w=Lsinh . Oblate spheroidal co-ordinates
can be obtained from Equation (9) by replacing cosh & with isinh & and L with —iL.

5. HEMISPHEROID ON A PLATE
To describe a hemispheroid, we restrict n to range from zero to w/2. The tip of the hemi-
spheroid is at 1 =0; the base is at # =mn/2. Figure 4 illustrates the hemispheroid on a plate
in rectangular co-ordinates and in spheroidal co-ordinates.

6. TORQUE IN FRAME OF REFERENCE FOR TRANSLATIONAL MOTION

The magnitude of the hydrodynamic torque due to translational motion of the plate can be
represented by

I'=T.—T,s
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Figure 4. The hemispheroid on a plate is defined by a surface of constant ¢ and the surface
n=mn/2. The hemispheroid and plate in rectangular co-ordinates (left panel) transform to
orthogonal planes in spheroidal co-ordinates.

where T, is the torque that will be computed numerically, and 75 is the shift in torque due
to change of reference frame. 7; can be found by integrating Equation (7) on the surface of

the hemispheroid, with u= U, exp (—z —icop/,u) X. Let A=+/—iwp/uh. The portion of the
torque due to the reference frame shift is

2 P
T, = n%(zwf —2e M1+ A+ 2)) (10)
We consider hemispheroids of the same height. Since T is proportional to w?, the shift in
torque due do a change in reference frame is more significant for oblate shapes than prolate
shapes.

7. BOUNDARY ELEMENT METHODS

The BEM is a numerical approximation of the boundary integral or singularity method (BIM),
which represents the solutions to a homogeneous linear differential equation with specified
boundary conditions as a weighted integral of Green’s functions,

() = / WGt $) G — ) £ Wy (A 7'y )G — F')
+Wz(;°, 17/9 d)/)Guzi()“ar - l'/))dS/ (11)

where u;(r) represents the ith component of fluid velocity, w;(4,%’, ¢) represents the weighting
of the jth component of a velocity stokeslet, and G,;;(4,r —r’) represents the jth component
of a velocity stokeslet due to an impulse in the ith direction.

For Stokes flow, both the force and torque can be computed directly form the weightings of
the Green’s functions. For linearized oscillatory flow, the force can still be found directly from
the weightings [6] although the torque cannot. However, we can compute the torque from the
weightings by using a Green’s function for torque, which will be derived in a subsequent
section.
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7.1. Green's functions for linearized oscillating flow
In the manner of [6], let us write Equation (5) with non-dimensional variables,
JYu= —VP + Vu

Equation (4) is still satisfied with non-dimensional variables. The simplest Green’s functions
of Equations (5) and (4) are known as oscillating stokeslets [6]. G,;(4,r) the ith component
of the velocity stokeslet due to a three dimensional impulse at the origin can be expressed as

\ 1 X; X2R; + xix;X; + xix X
Gui(A,r):W(Ar+B - £ ")

where

1 1 2
A=2" (14 —+ ) -
¢ ( T (W) (iry
i 3 3 6
B=-2e (1+}J’+(/17”)2>+(}v7')2
The pressure oscillating stokeslet is the same as the stokeslet for Stokes flow and can be
expressed as

1 X,‘i,‘
Gpi(r)= i

73

The stokeslets for impulses not on the origin can be expressed by substituting »—#" for ». Note
that although the stokeslet is singular at » =7/, the singularity in integrable, and numerical
integration can be performed.

7.2. @' dependency of the stokeslet weightings

The ¢’ dependency of the stokeslet weightings have been previously derived for Stokes flow
[4], and the analysis is equally valid for oscillating flow. We therefore represent the stokeslets
weightings as

WX(;L: ’7/’ ¢,) = W;(;”a ’/I,) + w)/cy(/la 17/) COSZ d)/
wy (1 ¢") =wy (Z,n")sin ¢’ cos ¢’
w:(21',¢") =wl(Zn')cos ¢’

where the w/(4,7')’s are to be determined numerically.

7.3. Analytic integration of ¢ dependence

The stokeslet weightings can be integrated analytically with respect to ¢’ by expressing the
stokelets with their weightings in spheroidal co-ordinates. The result is an infinite series, which
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converges after the first three terms when 4 is not too large, and the collocation point is not
near the stokeslet. The analytic integration is discussed in more detail in Appendix A. The
integrated stokeslet was used when the ratio of the third term to the second term of the series
was less than 0.001.

7.4. Use of image stokeslet

For full spheroids an image stokeslet can be used because of the symmetry about the x—y
plane. The image stokeslets are negative stokeslets in X and ¥ and positive in Z for the case
of rotational motion. For hemispheroids on a plate, the numerical analysis was made more
rapidly convergent with the use of a negative image stokeslet in each direction. Since the
boundary conditions along the plate cannot be fully satisfied with the use of image stokeslets,
it was also necessary to put stokeslets along the plate.

7.5. Numerical method to compute the n' dependence of weights

An arc at ¢ =n/4 was discretized into n sections from =0 to = for a full spheroid and
n=m/2 for a hemispheroid, with each section having the same range of ©/2n, and the weights
represented as constant in each section (Figure 5). For the full spheroid, only the boundary
conditions along the arc were used to determine the weightings. For the hemispheroid on a
plate, a line segment along the plate was discretized to &= ¢&,, with n/2 sections. &,,, the
limit of the artificial boundary, was chosen large enough such that increasing its value has no
significant effect on the results. A collocation point was chosen as the midpoint of each section.
For full spheroids, since there are three weightings for each section, and three components
of boundary velocities, there are 3n boundary equations for 3n unknown weightings. For
hemispheroids on plates, there are 3n 4 3n/2 boundary equations for 3n + 3n/2 unknown
weightings.

Arc of the hemispheroid, ¢p=n/4

z

4 n=6

1
I

1 2 3

1
1
ézgab

Figure 5. The discretation arc for a hemispheroid. A circular plate extends out to &=¢&,,
the artificial boundary. Here there are n=6 sections, and the collocation point is chosen
as the midpoint of each section.
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We can therefore represent Equation (11) for full spheroids as
ui(4,r) = Xk:/ k[W;,ck(/L NN Graiok (A1 1) = Gryioe (2o =1, 1))
',

+ W,;yk(la n/)(G:m‘Zk(ia r, ’1/) - G;xi2k(lar5 - 17/) + G;yik(;“ﬂ r, ’7/) - G;yik()”a r,n— ",))

F Wi ol NGz (2o 1,1") + Gl (A X, —11'))]

where G, ;(4,r,n") represents the stokeslet after integrating over ¢'. For hemispheroids on
plates Equation (11) is represented as

u,-()»,r) = Ek:/ k[W)/ck(As n/)(G:m‘Ok(’L l’[/,l') - G;xiOk(}"STC - 1’]’,1‘))
',

+ W)/cyk(/lﬂ n/)(G;xiZk(}va r, ’1/) - G;xiZk(/la I,m— 7]/) + G;yik()% r, ’7/) - G;yik(;% r,m— ’7,))

Wi ' WG (Ao,1") = Gy (A x, 0 — 1))
+ Z/ Wy (2 €)Gior(As s 1) + Wy (2o ENGlin) (451, E)
7 Jen

+ G;yil(iﬂ I, 5/)) + W;l(in ‘f/)G;zil(/la I, é/)
The analysis was performed using Mathematica [23].

7.6. Derivation of torque stokeslet

Once the weightings have been determined, the torque can be found using torque stokeslets.
The torque stokeslet can be derived from the velocity and pressure stokeslets by substituting
u=G,(r) and P = G,(r) into Equations (7) and (8). The result can be integrated analytically
with respect to ¢, although numerical integration is necessary for the other directions. For
full spheroids, the torque can be expressed as

TG =% / / Ot W) = Ty = 1.6))
n,

+ W.iyk(jw n/)(Tu/xiZk(;La I, 7]/) - Tz:xiZk(lﬁ r,m— ’7/) + leyik(i’ra ’7/) - T;yik()“’ Ir,mT— ’7/))

AWz W g (Zaxn') + Ty (Zor,m — 1))

where T, (4,r,n") represents the integrated torque stokeslet with respect to ¢’. Appendix B
contains the integrated torque stokeslets. For hemispheroids on plates, additional terms are
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required to account for the stokeslets on the plate,
TGO =5 [ [ 0l T o0) = TG =)
",

+ W)lcyk(j" n/)(T;xiZk(;“’ I, 1///) - TL:.‘Cizk(l’ r,m— ’7/) + Tbiyik(j'sr’ '7/) - ;yik()"ﬂ I,m— '1/))

+W;k(ls 77/)( ,:ij(i, r, 77/) - Tz:zik(}"s r,mT— ’7/))]
5 [ [ b T2
1 JSJE
+ W)/cyl(/lﬂ 6/)( Tl:xiﬂ(/la r, 5/) + TL:yil(/lv r, 6/)) + W;l(/lv él)T;zil(;“ﬂ r, 5/)]

7.7. Simplifications at low and high frequencies

At low frequencies as A — >0, the simpler Stokes flow equations can be used to represent the
hydrodynamics [4], and at high frequencies, as 4 — > oo, Laplace’s equation can be used [11].
Exact solutions at low and high frequencies for full spheroids have been derived [4, 5, 20], and
at high frequencies for hemispheroids on plates [11, 16]. There have been previous numerical
results for hemispheroids on plates for Stokes flow [4, 18]. All these previous results will be
used as a check on the solutions.

8. RESULTS FOR FULL SPHEROIDS

Excellent results were obtained for full spheroids undergoing rotational motion. Figure 6
illustrates the BEM results for torque as a function of A as well as the results obtained using
the singularity method [24]. Slight differences are attributed to numerical errors. The results
match exact solutions for small A, and approach exact solutions for high / for the full range
of shapes. The results are shown for the highest 4 that gave a good match to the boundary
velocities off the collocation points.

9. RESULTS FOR HEMISPHEROIDS ON PLATES

Very good results have been obtained for hemispheroids on plates for prolate shapes, and
good results have been obtained for oblate shapes.

9.1. Low frequency solution

Figure 7 illustrates the results for low frequencies for the full range of shapes for rotational
motion and translational motion. Also shown are the results of other studies [4, 18]. There is
a noticeable difference in the results for oblate hemispheroids. Figure 8 illustrates the error
in boundary conditions off the collocation points along the curve ¢ ==/4 for a thin prolate
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Figure 6. A comparison of the torque normalized by (—iw0) for a full prolate and oblate spheroids

of the same height computed using the indirect BEM method (solid lines) and the singularity method

(dashed lines) for the full range of shapes. A ratio of height to half-width of 2/w =15 or 1/5 corresponds

to §=0.2 and h/w=2 or 1/2 corresponds to &y =0.549. The results closely match, and approach exact

solutions at high and low frequencies. Also shown is the exact solution for a sphere whose high
frequency behaviour differs from that of the other shapes.
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Figure 7. The low frequency torques for the full range of shapes for rotational (normalized by —iw0)

and translational motion (normalized by UpA) for hemispheroids of the same height. For oblate hemi-

spheroids, as &y— >0, the width approaches infinity and so the torque approaches infinity. Results of

other studies [18, 4] are also shown. The differences in the results for prolate hemispheroids are small.
Larger differences are evident for wider hemispheroids.

hemispheroid and a wide oblate hemispheroid for n=12. It is clear that for oblate shapes,
the boundary conditions were difficult to represent along the plate and therefore some error is
expected in the results. While the errors along the boundaries were smaller for n =12, than
for n=38, increasing n to 16 or 20 did not significantly change the results. To more accurately
represent the torque of oblate hemispheroids, a linear fit of the torque as a function of 1/n
for n=28 and 12 was made, and used to extrapolate the results. Thus we fit 7,. =torque0 +
torquel * 1/n, and the constant term, torque0, was used to estimate the torque.

Copyright © 2004 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2004; 44:147-174



160 L. F. SHATZ

Low Frequency Solution

Rotational Motion  Translational Motion
Error in lvelocityl along boundary Error in lvelocityl along boundary
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tip base | :p ba;cQ IR
along hemispheroid W along hemispheroid along plate

Figure 8. The error in boundary velocities for a thin prolate hemispheroid and a wide oblate hemi-
spheroid for rotational normalized by —iw0 (left) and translational motion normalized by U,/ (right).
The error along the plate is pronounced for the wide oblate hemispheroid.

Rotational motion
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Figure 9. The magnitude of the torque normalized by —iw0 for hemispheroids of the same

height on plates for shapes ranging from thin, pencil-like to flat, disk-like for rotational mo-

tion. The dotted lines represent exact solutions for high frequencies. The high frequency torque
for a half sphere on a plate is zero.

9.2. Rotational motion

The magnitude and phase for rotational motion for hemispheroids on plates whose shape
ranges from thin pencil-like shapes to flat disks are shown in Figures 9 and 10 respectively.
The results are similar to those of the full spheroid in rotational motion (Figure 6), although
the range in A is not as high for the oblate shapes because of the greater difficulty in matching
the boundary conditions along the plate. Figure 11 illustrates the two cases on the same graph.
For thin, prolate shapes, the torque for a hemispheroid on a plate is half that of a full spheroid,
which is what is expected if the effect of the plate is not significant. As the shape gets wider,
the torque for a hemispheroid on a plate becomes more than half that of a full spheroid. This
result makes sense since the plate restricts the flow of the fluid around the hemispheroid,
and therefore, the torque on the hemispheroid is greater where the effects of the plate are
greater, i.e., for oblate hemispheroids. This result seems to be true throughout the frequency
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Rotational motion
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Figure 10. The argument of the torque for hemispheroids of the same height on plates for rotational

motion. The argument goes from zero degrees at low frequencies to —90° at high frequencies (except

for the half sphere, whose torque is zero at high frequencies). A ratio of height to half-width of #/w =5
or 1/5 corresponds to &, =0.2 and #/w=2 or 1/2 corresponds to &, =0.549.
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Figure 11. A comparison between the magnitude of the torque of a hemispheroid on a plate (dashed

lines) and a full spheroid (dotted lines) for rotational motion. For thin, prolate shapes the results differ

by a factor of 2. For wider shapes, the factor is a little more than 1. (A ratio of height to half-width
of h/w=35 or 1/5 corresponds to &, =0.2 and i#/w=2 or 1/2 corresponds to &, =0.549.)

range and Figure 12 illustrates the ratio of the torque of the full spheroid to the torque of the
hemispheroid on a plate at high frequencies, for which there are exact solutions [11].

9.3. Translational motion

The magnitude (Figure 13) and phase (Figure 14) for 7,. for the full range of shapes are
similar to the results of rotational motion at high frequencies, but are not constant with respect
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High frequency exact solution

torque for whole spheroid

2.00 \ torque for half spheroid with plate
1.75 \\ prolate
N -
1.5
oblate
1.25
1 2 3 4

8o

Figure 12. The ratio for rotational motion of torque of the full spheroid to torque of the
hemispheroid for high frequencies.

Translational motion
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Figure 13. The magnitude of 7., the numerical result, normalized by U, for hemispheroids of the same

height on plates for shapes ranging from thin, pencil-like to flat, disk-like for translational motion. The

dotted lines represent exact solutions for high frequencies. The high frequency T, for a hemisphere

goes to zero so therefore it is not shown. (A ratio of height to half-width of z/w =35 or 1/5 corresponds
to £ =0.2 and A/w=2 or 1/2 corresponds to &, =0.549.)

to /4 at low frequencies since the boundary velocity along the hemispheroid varies with 4,

u(r =)= U, (1 —exp (—z\/—iwp/u)> % = Uy(1 — exp(—zi/h)) ~ Upzi/h

The results approach the high frequency exact results for large A.

The magnitude and phase for 75 for the full range of shapes are shown in Figure 15 and
are plotted with the results for 7, in Figure 16. For prolate hemispheroids, 7T, is significantly
larger than T for all frequencies, so that the torque 7 = T,.. For oblate hemispheroids 75> T
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Translational motion
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Figure 14. The argument of T, for hemispheroids of the same height on plates for translational mo-

tion. The argument goes from 135° at low frequencies to 90° at high frequencies for prolate hemi-

spheroids, and to —90° for oblate hemispheroids. (A ratio of height to half-width of 2/w=35 or 1/5
corresponds to & =0.2 and 2/w=2 or 1/2 corresponds to &y =0.549.)

Translational motion correction for reference frame shift
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Figure 15. The torque 75 due to a shift in reference frame normalized by U,. Since T is proportional
to the square of the width of hemispheroid, it is greater for oblate hemispheroids.

for low frequencies, and for hemispheres T~ T, for low frequencies, so both terms must be
used to represent the torque. Figures 17 and 18 illustrate the torque with both terms included.

10. COMPARING THE MODEL’S PREDICTIONS FOR THE HAIR BUNDLE
SENSITIVITY TRANSFER FUNCTION H, TO MEASUREMENTS
OF H, IN THE ALLIGATOR LIZARD

The results for the rotational torque 7; and the translational torque 7; were used to deter-
mine H, (Equation (2)) with H,=T,/U,, and Z.=T;/ — Iw0. The effect of mass was found
to be small and therefore the hair bundle’s inertia / and the term that accounts for an ac-
celerating reference frame H;, were set to zero. Figure 19 illustrates the model’s predictions
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Translational motion
(Numerical result and correction)

Log,, ( Normalized torque)

Log,, IAl

Figure 16. The numerical result, |T,c| (dashed), shown with |T5|. At all frequencies, |Ts| is smaller than
|Tuc| for thin, prolate hemispheroids. For wide oblate shapes |Ts| is larger than |T,c| for low frequencies.
The dotted lines represent exact results for the high frequency solution.

Translational motion

Log,,( Normalized torque)

3 . P’ |-
A e
-~ 4 __..;'f.
-~ _u-""_-"’_,'/
L P g
-~

o 5 v o

Sf So= D e

] 52:549 %,»///;'/ 0 Long?»ll 2 3

-~
half sphere o -1

o ¥ -

E{QO:.549 v

g co=2 -2

Figure 17. The magnitude of the torque for translational motion, T,c — Ts.

and compares them with measurements taken from the basilar papilla of the alligator lizard
[24]. The compliance was chosen to have a physiologically relevant value of 75 rad/N-pm
(although the results matched the measurements for a wide range of compliances, all within
the physiologically relevant range). An excellent match with the measurements is obtained for
the prolate hemispheroid with #/w =2 which makes sense considering the shapes of the hair
bundles shown in Figure 2 and described in Reference [25]. A very good match is obtained
for the prolate hemispheroid with #/w=>5. The more oblate the hemispheroid, the worse is
the match. Therefore we can conclude that hydrodynamics does play a role in hair bundle

motion.
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Figure 18. The argument of the torque for translational motion, T — Ts.
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Figure 19. The hair bundle sensitivity transfer function for C =75 rad/N-pm compared with measure-
ments taken from the hair bundles of the basilar papilla of the alligator lizard. The model’s predictions
match the data for prolate hemispheroids, but not for oblate hemispheroids.
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11. CONCLUSION

The hydrodynamic torque for prolate and oblate spheroids in infinitesimal, rotational oscilla-
tory motion, and the hydrodynamic torques for prolate and oblate hemispheroids compliantly
hinged to plates, that oscillate infinitesimally, have been computed for all frequencies using the
indirect boundary element method with analytic techniques such as spheroidal co-ordinates,
method of images, and series representations. A Green’s function for torque was derived which
was used with the stokeslet weightings to obtain the torques. For full spheroids, the results
match exact solutions at low and high frequencies, and match the results of a singularity
method. For hemispheroids on plates, the results match previous results at low frequencies,
and approach the exact high frequency results. An excellent match is obtained for the model’s
predictions of the hair bundle sensitivity transfer function, and measurements of the function
taken from the basilar papilla of the alligator lizard for a hair bundle represented by a hemi-
spheroid with physiologically relevant shape.

APPENDIX A: ANALYTIC INTEGRATION OF THE OSCILLATING STOKESLETS

To perform the analytic integration of the weighted stokeslets in the ¢ direction, we represent
[r—r'| as [r—r'| = a—bcos ¢”, where a and b are functions of L, &, &, u,1’, and ¢”" = —¢'.

The terms of the oscillating stokeslets that are not easily integrable with respect to ¢” are
of the form

2n(k Tk . e—/h/a—bcos ¢’ N
1 sin” ¢" 4+ kp cos™ ") ————— dop
0 v/ a— bcos ¢

where m, n and r are integers, with » odd. For the k; sin” ¢” terms, the integral is 0 so that
the terms are of the form

2n efix/afb cos @'’
Jrcos™ ) ————_d¢” (A1)

0 a—bcos "
Let us first find the solution of Equation (1) for n=1. For n>1, we can find the result by

taking an integral of the solution for n=1 with respect to —A. For instance we can obtain
the solution for n=2,

2n ef}n/afb cos ¢’
frcos™ ¢ ———— d¢p” (A2)

0 «/a—bcosqﬁ”2

by taking the integral of the solution for Equation (1) with respect to —A since Equation (2)
is equal to the integral of Equation (1) with respect to —/,

2n 67;' a—bcos ¢’ 21
kycos" ¢ ———————d¢" = /d(—/l)/ k cos™ ¢”
0 va—bcos " 0

The integrals for other values of n can be found in a similar manner.

ef/l\/afb cos ¢’
—d
va— bcos ¢

1
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Let us represent \/a — b cos (,Z)”n in terms of a binomial function [26],

. "2 b \'1
/a4 — b cos ¢ =a"? 3 (_§> (> Izl for n even
k !

=0 acos ¢"
:a"/zi (—E> L ' l for n odd
— 2/k \acos¢”" ) k!

and let us represent the exponential in terms of its power series (e =5 =0 ( —xy/j! ) and
split the series to its even and odd functions,

e o) (_X)ZI ( x)21+l
© =2 @) +Z(21+1)v

We can therefore write Equation (1) as

2 fahe o _ ‘
/ 49" cos" §, © [T ag (Z((;;, JE 12( 212+1> (b)
0 0 k

a—bcos¢” =0 a

1 k—m ( i)2l+1 )
X<COS¢~> k~+zz%)(21+1)'\fz< >k

0 ()8

Using known Pochhammer identities, and recognizing modified Bessel Functions of the first
kind 7,(z) [26], we can write Equation (3) as

2nd o e—i a—bcos ¢’ _ 27Id R b k (COS d)//)kfm
¢, cos —— = A D 1
0 va— bcos (f)// 0 k=0,even \ & k!

‘ ((;)k \}a (—iva) T (; _ k) L (_Na))

ENE M)k mr(z)fw( 1/a)

Since [27],
2n
(cos ) =4-2"""B(r+1/2,r +1/2)
0
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the integral can be expressed as

2 ef/l\/afb cos ¢’ 0o |
dp,cos" ¢ ———== > 4-25""'Blk—m+1/2,k —m+1/2)—~
0 v a— b cos QS” k=0,even k!

()t (1))

-1 (‘l;/af_mr (3) fore (-2va)

APPENDIX B: THE INTEGRATED TORQUE STOKESLET T’

The torque stokeslet 77/ ., due to impulses in the x direction which are constant with respect
to ¢’; the two torque stokeslets which have the same weighting, 7, ;, due to impulses in the
x direction which vary as cos® ¢’ and 7}, due to impulses in the y direction which vary as
cos ¢’ sin ¢'; and the torque stokeslets 7. due to impulses in the z direction which vary as

cos ¢', are given in the following expresusziions:
Tuxio

= (—Q2ru(—24c*de + 6cd®e + 6¢* f —24c2d> f — O 32 — 20 AP £ — Pd* f12 — 9cdeck
+126% fc§ — 6¢* f72cf — 4cPd* f72ch + & f7% cos[3¢ Icg — 32 f22ch + 6c3ed. — 24cd’ed.
+18c%d fd, — 12d° fd, + Pei’d, + 23 d*el*d, + cd*ei’d, + 12cecdd. + 18d fcid.
+6c3ed’cdd, + ded?ei*cid. — crel? cos[3¢ cid. + 3cel chd. — ccos[2¢)c(15de — 6¢ f
+43 f22 4 2ed? f22 4 2cfI2ch — Ged, — Actel?d, — 2d*el?d, — 2ei’chd.)
+ cos[¢' 1o (5% f22 4+ 363 f(—6 + 2d° 2 + 322c3) — 5ctel?d, — e(—24d* 4+ d*)? + 6¢3
+2d%22cE + 22¢})d. + cf (24d* 4 d*2F — 6¢) + 2d? 02k 4 22y — 36dd.) — 3cPe(—16d
4 6d- + 2d22d. + 372c3d-))))/(F2(a — beos[§'])/?) + (26~ AV abeosld (243 de + 6ede
+ 6 f —24cd> f — 93del? — 63 dPel? + 3cdPel® + 28 £ — 8crd? f72 — 102d* f1?
—24c3delr/a — beos[¢'] + 6cd>eln/a — beos[¢'] + 6¢* fAv/a — beos[P'] — 24cPd> [
x \/a — bcos[¢p'] — *del*\/a — bcos[¢'] + cd’el*\/a — beos[¢'] — 2c*d> 13 \/a — bcos[¢']
—2c2d* 23 \/a — beos['] — cdech + 126 fc — 303 del*ch + 12¢* f72 ¢ — 16¢2d% [ 72}
— 9cdel\/cT0s[d)’]c(2) + 1202]"1mc% —3c3del’ mcé +cd®el’
x v/a— bcos[¢'1ct — 4c*d® f13\/a — bcos[d'1c} + 6c*ded? cos[3¢" Iy — 263 f12 cos[3¢'Ich
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+2ded*\/a — beos[d'] cos[3¢ Iy — 3edeiPcd + 62 fi2ch + 6 ed. — 24cd?ed, + 18¢*d fd.
—12d3 fd, + Pel*d, — 103 d?e)?d, — 11cd*el®d, + 6¢*d f22d. — 6d° f12d, + 63 el

x \/a — bcos[¢']d. — 24cd*eln/a — bcos[¢'1d. + 18¢2d fAr/a — bcos[¢'ldz — 12d° [

x \/a—beos[¢']dz — *el>\/a — beos[¢'1d. — 43 d*er’\/a — beos[¢'1d. — 3cd*el?

x v/a—bcos[¢'ld. — 22d> f23\/a — beos[¢'1d — 2d° f73\/a — beos[¢'1d. + 12cecid.
+18d fc3d. + 63 el cld, — 20cd?elcid, + 24¢7d 12 c3d. + 12celr/a — bcos[¢']cdd.
+18d f7\/a — beos[¢'1c}d. — 6c3er*\/a — bcos[¢'|cid, — 8cd?ei\/a — bcos[¢]c3d.
—2d%f73\/a — beos[¢']cid, — el? cos[3¢"1cid. + e’ /a — bcos[¢'] cos[3¢'Icad.
+3cel?cid, + 6d f12chd, — 3cel\/a — beos[¢!|chd. + ¢ cos[2¢')c3(—15de + 6¢f
—24c2de)? — 6d°ei? + 8¢3 12 — 8ed? 12 — 15der/a — beos[¢'] + 6¢fI/a — beos[¢']
—3c?del>\/a —beos[¢'] — d>el*\/a — beos[¢'] — 2cd? f13\/a — beos[¢'] — 6del*c}
+4cf22ci — ded*/a — beos[']ck + bed. + 4c?eitd. — 10d%e)d; + 12¢d fi2d. + 6e).

x \/a —bcos[¢']d. — 4cel>\/a — beos[¢'d, — 4d>el*\/a — bcos['1d: + 2e)2c3d, — 2>
x v/a —bcos[¢']chd:) — cos[¢'1co(10¢° £ 2% — e(24d* + 11d*)? + 24d? J\/a — bcos[¢']
+3d*2*\/a — bcos[¢'] — 6¢% + 10d?)2ck — 6Av/a — bcos[¢/]c + 4d*23\/a — bcos[¢']

& — 22k + 3\/a—bcos[¢']cd)d. — 6¢° f(=3 + 4d? 1> — 3)/a — bcos['] + d* 1

x \/a —bcos[¢'] — 322c} — 4d2d.) — ¢*ei?(36d + 4dn/a — beos[d'] — 5d. + 5.

x v/a — bcos[¢p'1d.) + 2¢f(—12d* — 5d* 1> — 12d%)~/a — beos[¢'] — d*13\/a — bcos[¢']
+ 3¢t — 4d? 2% + 3)/a — beos[¢'1cd — d?73\/a — bcos[¢p']cd + A2c + 18dd. + 18d).

x v/a —bcos[¢'1d. — 2d3}3\/a — bcos[¢p'1d. + 12d72c%d.) — 3c?e(16d + 4d>)? + 16d).

x v/a —bcos[¢'] + 10d 12} + d23\/a — bcos[¢'|c3 — 6d. + 10d?2%d, — 6)~/a — bcos[¢']d,
+4d*2*\/a — beos[¢'1d: — 372c%d. + 373 \/a — beos[¢'1c3d-))))/(F2(a — beos[¢p'])?)

X h]hzh{hé

Tixiz + Tuyi

=L (e Vo W cos[ ¢/ P(12ade — 60cde — 12adeeV PN

A2(a — bcos[¢'])7/?
+ 6062dee)q/n—hcos[(/7’] + 1261C‘f _ 606‘d2f _ lzace)q/n—hcos[(ﬁ’]Af + 6ocd28/‘q/a—hcos[(/ﬂ]f‘
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+6a2des? + 362 de) —24actdei? +4dPc £ 24202 £33 — 2dacd?® fI2+2aP cetVa—beosld"] £ )2
b2ce! Vbl £2 4 12adei/a — beos[§'] — 60 dein/a — beos[d'] + 12ac [

x v/a —bcos[¢'] — 60cd? fir/a — bcos[@'] + 2a>der*\/a — bcos['] + b*del*\/a — bcos[¢']
—4actder*\/a — beos[@'] — 4acd® f 23 \/a — bcos[@'] + 4b cos[¢'|(cd? f72(6 + /.

x \/a—beos[]) — cf (3 + 2ai% + &VaPSI( 3 1 4)2) 4 3)\/a — beos[p]) + de(—3

4 3eVabeosldl 4 6:2)2 37 Ja— beos['] + 23 \/a — beos[¢] — aik(3 + A

x \/a —beos[ 1)) + B 22(e(2 + VPN £y de(3 + 2n/a— beos[¢/])) cos[2¢'])

— cos[¢'1(—90cde + 90cdee’V =] 124 f — 6042 f — 12ae"Va—beosld"]
+60d2MVb T £ 36acder® + AP f 17+ 207 f77 — 2dad® [ 72 + 2PV 2

+ B2V 12 90cdein/a— beos[d'] + 12af in/a — beos[d'] — 60d> 17

x /a — beos[¢'] — 6acder’\/a — beos['] — dad® f13>\/a — beos[¢'] — beos[¢'|(—Tcdei(6
T aa—beos[¢']) + 43+ 2ai2 — 6d%I2 Va3 1 gj2) 13

x \/a— beos[d'] — d223/a — beos[d'])) + (B*(2 + Vbl £)2 4 dede(15e4Vabeosld’]
—15(1 + 2y/a — beos[¢']) — ar*(6 + A/a — beos[@']))) cos[2¢'] + 6bcdel? cos[3¢']

+ bedei3\/a — beos[g'] cos[3¢')co + Ade cos[§'TP(—15 + 15e+Vabeosldl _64)2 15,

x \/a —bcos[¢'] — ar*\/a — bcos[¢'] + bi* cos[¢'1(6 + A/a — beos[¢']))c§ — a’e
x eV a=beosl"1 324 Npy by bt B

- 47%(a b1005[¢'])7/2 (e~ Vabeosld I (96ace — 120 e — 96acee’V 4=t eosld’]

+120c%ee" Vet eosld’) 4 48ad f — 120c%d f — 48ade’V =0 U] £ 4 120c2detVambeosld ]

+44c2cel? + 2702 cel? — 48acde)? + 3bPceeVamb s )2 | 24q2d £)2 + 1262d £
—48ac?d f 2% + 96aceir/a — beos[¢'] — 1203 elr/a — b cos[¢p'] + 48ad f~/a — bcos[¢']
—120c%d f7+/a — beos[¢'] + 12a*cel® \/a — bcos[¢'] + Th*cel* \/a — beos[¢'] — 8ac’el?

x \/a—bcos[¢'] + 8a*d f 13 \/a — beos[d'] + 4b*d £33 \/a — beos[P'] — 8ac*d £ 12

X v/a — bcos[¢'] + 4b cos[¢' 1(3c3 2 (6 + Av/a — beos[@']) + 3¢2d f72(6 + A/a — beos[¢'])
1 4d f(3NVaTbe T _3(1 4 )\ /a — beos[¢']) — al2(3 + An/a — beos[¢']))

— ce(3e"Vamb V(10 + @)+ 30(1 + A/a — beos[@']) + ai2(2T + Tin/a — beos[])))
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1 48ace cos[2¢'] — 120c3e cos[2¢'] — 48acee’V b1 cos[2¢)'] + 120¢3 etV a—beosld]

x cos[2¢'] — 120¢%d f cos[2¢'] + 120c*de*V =t o] £ cos[2¢"] + 20a>cel? cos[2¢)']

1 32b2cel? cos[2¢'] — 48acder? cos[2¢] + 4acee’V b1 )2 cos[2¢y'] + 4bce

x eV a=beosl$'1 )2 cos[2¢p'] + 12b%d £ 2% cos[2¢"] — 48ac?d 2% cos[2¢"] + 48aceir/a — bcos[P’]
x cos[2¢'] — 120> e/n/a — beos[¢'] cos[2¢’] — 120c*d fI/a — bcos[¢'] cos[2¢"] + 4a>cel’

x \/a — beos[¢'] cos[2¢'] + 8b*cel*\/a — beos[¢'] cos[2¢'] — 8acPel®\/a — bcos[¢'] cos[2¢]
+4b%d f23\/a — beos[¢'] cos[2¢"] — 8ac?d f13\/a — bcos[¢'] cos[2¢] — 24bce cos[3¢']

1 24bcee’Va=b e cos[3¢'] — 20abcei? cos[3¢'] + 24bc3el? cos[3¢'] — dabeee’Va—b e d]

x A2 cos[3¢"] + 24bcd % cos[3¢"] — 24bcedr/a — b cos[¢'] cos[3¢'] — 4abcel\/a — bcos[¢']
x cos[3¢'] + 4bc*el>\/a — bcos[¢'] cos[3¢"] + 4bc?d [ 73 \/a — bcos[¢'] cos[3¢'] + 5b*ce)?

x cos[4¢'] + bPcee’V P22 cos[4¢'] + bPcel’ \/a — beos[¢/] cos[4¢'] — 4 cos[¢1(36ae

— 150%¢ — 36aee’V/ =PI 1 150c%ee' Ve NHT _ 120¢d f + 120cde! Vb ¢

1 16a%e)? + 8b*el? — 60actel? + 2aPee’ N a—beos 81 )2 | p2oein/a=beosld'1 )2 _ 48qcd £)2
+36aeir/a — beos[¢'] — 150c2ei/a — beos[¢'] — 120cd fIr/a — beos[¢'] + 4a’el?

x \/a— beos[¢'] + 2b%ei>\/a — beos[¢'] — 10ac?er*\/a — beos[¢'] — 8acd [ 1

x v/a —bcos[¢'] — beos[¢'1(—8cd f212(6 + in/a — beos[P']) + e(36 — 66¢% )2
+4eMVa=beosld(_9 1 472) 4 36r/a — beos[¢] — 11c273\/a — beos[§']

1 8a)2(4 + 2nJa — beos[¢']))) + e(b2 (8 + Va9l 4 25 Ja beos[¢'])

+ 23 (15e*Va=beosl"] _ 15(1 + jn/a — beos[d']) — ai2(6 + n/a — beos[¢'])))

x cos[2¢'] + 6bc?el? cos[3¢'] + bcel3\/a — bcos[¢'] cos[3¢'])eo

T 16(—15 + 15eVa=beoslo'] _ 6472 15)7/a — beos[¢'] — ai3\/a — beos[¢'] + b2

x cos[¢'1(6 + Ay/a — beos[¢']))(2ce + d f + cecos[2¢'])cd — 16e cos[¢'](—15

1 15eVabeold] _64)2 _15)\/a — beos[¢'] — a>/a — beos[] + bi2 cos[d'1(6 + A

x v/a—bcos[§']))cd)d-hihahi 1)

Tuz[
1 "/ 7
= (@ beos g (e=*Va=beosl¢'lp(_p2ee)? cos[¢'1*(3 4+ Av/a — beos[¢'])co
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+2b cos[¢' TP (bPerX(3 + A/a — beos[¢']) — bde(2 + Va5l )24 .+ ¢(—eco(—3
4 3eMVabeosld] 4 6422 _ 3)\/a — beos[¢'] + d*I3\/a — beos[§] — al2(3 + ).

X /a—beos[@']) — 6d/2d; — d)3/a — beos[¢']d=) + b f 2(d(8 + erVabeosld]
+22v/a —beos[¢']) — (3 + 2v/a — beos[¢'])d:))) + co(—a* (3 + Av/a — beos[¢'])

X (ce — 2fd-) — 30d(—1 + Vb6l _ ) /o peos[¢/])(ce(d — 3d-) — 2d fd-)
+2a(=2f 3V AT _3(1 4 4y/a — beos[@]) + d242(6 + in/a — beos[§']))d-)
+ce(3MVP T _3(1 4 Ay/a — beos[@']) + d>72(6 + in/a — beos[¢']) — 3di3(6
+J/a—bcos[¢']d:)) + cesin[¢'*(a® 223 + n/a — beos[¢']) + 30d(—1

+ Vel ) g b cos[@])(d — d-) — 2a(3¢'V PNy _3(1 4 4\ /a — beos[¢']
+d?7%(6 + iy/a — beos[¢']) — di*(6 + in/a — beos[¢']d-))) + 2 cos[¢'](—30c*d e
+30c2d2ee VbS] _ 30cd3 £+ 30cd3 Va9 £ 30c2d2 e /a — beos[d]

—30cd? fIn/a — beos[§] + 3bcecy — 3bcee e oy 6hed?e)ey + 3bcel.

x /a — beos[@']co — bed?ei3\/a — beos[d']eo + 30c3ded. — 30c2dee’Va—beosld] 4
+30cd? fd. — 30cd?e™V bS] £ 1 30c2dein/a — beos[¢/1d: + 30cd> [,

x \/a — beos[@']d: — 6b feod- + 6be’VabSI feid. 1 18bedeiPeyd- + 12bd2 f12¢od-
—6bfi/a— bcos[¢']cod: + 3bcddel\/a — bcos[¢’Icod. + 2bd> f13\/a — bcos[¢']

x cod: + 30dectd. — 30dee™ =124 + 30dein/a — beos[¢']c2d: + bee sin[¢'Peo(—3
4 3eMVabeosld] 4 6422 3)\/a — beos[¢'] + d*I3\/a — beos[§] — alt(3 + .

x v/a— beos[¢']) — 6d12d. — d23\/a — beos[§'1d-) + a2 I2(Pe(3 + iv/a — beos[d'])
—de(2 + Vet g 1 e f(d(8 + VT 4 2)\ Ja— beos[¢]) — (3 + A

x /a —beos[')d-)) + a2(—b £ 723 + in/a — beos[§])co + de(3erVabeosld 31
+v/a—beos[¢']) + 12(6 + Jn/a — beos[§])cR))d: — 2cte(3eVa—beosld] 3]

+ Jv/a—bcos[§']) + d*I2(6 + Av/a — beos[p'] — dI2(6 + Jv/a — beos[P'])d.)
Fe(—18d f(—1 + Va=beosldl _ ) fe " beos[gr]) — 2d3 £72(6 + in/a — beos[d'])

+bel?(3 4 in/a—beos[@')co + 6 f(—1 + Vet _ .\ /a — b cos[¢'])d.
+2d%£22(6 + 2/a — beos[¢'])d-))) + cos[¢' P (bPcel (3 + Jn/a — beos[¢']) sin[¢' T co
— 2223 4 A/a — beos[¢'])co(ce — 2 fd) — ceco(a*22(3 + Jn/a — beos[¢']) + 30d(—1
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teVabeosldl g fr T beos[dr])(d — d-) — 2a(3e*V e _3(1 4 4 /a — beos[¢'])
+d?22(6 4 Ay/a — beos[¢']) — dI2(6 + A/a — beos[¢'])d-)) + 4b(de(3 + 2a)?
teVambeosl( 3 4 4)2) 1 30/a — beos[¢'] — 6422 — J3\/a — beos[@ 1R )d: + ¢

x e(—3 + 3eMVa—beoldl | 6422 3\ Ja — beos[¢/] + d2i3/a — beos[d'] — ail(3 + 4
x \/a — bcos[¢']) — 6d)2d, — dI>\/a — bcos[¢']d.) + ¢ f(d® 12(6 + \n/a — beos[¢'])
—d(9 4+ eVa=besV (9 1 092y 4 93/a — beos[§] + 2ai2(4 + Jn/a — beos[d']))
—d222(6 + nJa— beos[p])d: + (3 — 3ePVabeos 9T 4 35 i beos['] + al(3

+2v/a = beos[§)d:))hhahi )

where

a = =21 cos[y] cos[n'] cosh[] cosh[¢'] + L*(cos[n]* + sinh[¢]*)
+L*(cos[y'* + sinh[¢']?)
b =217 sin[n] sin[y’] sinh[£] sinh[£']
¢ = Lsin[g] sinh[£]
¢ = Lsin[n'] sinh[&']
d = Lcos[n] cosh[¢] — L cos[y'] cosh[¢]
d: = Lcos[n] cosh[¢]

o V2 cosh[&] sin[]
B \/— cos[2n] + cosh[2¢]

ro V2 cos[n] sinh[¢]
T \/— cos[2n] + cosh[2¢]

hy = Lsin[n] sinh[¢]
hy = Ly/sin[n]? 4 sinh[£]?

h} = Lsin[n’]sinh[¢']

hy = Ly/sin[n']* + sinh[¢/]?
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